We examine the challenge of viewing all the fields in supergravity as arising from a Kaluza-Klein like dimensional reduction of some higher-dimensional theory. This gives rise to what is known as exceptional field theory or double field theory. A particular emphasis is placed on following the Kaluza-Klein intuition leading to the identification of charged states and a reinterpretation of the central charges. We further give a description of the novel extended geometry as a generalised phase space and the relationship to string and M-theory theory and the notion of quantization.
Introduction

Some small history
This paper as a whole follows a very non-historically accurate approach to double and exceptional field theory based on a Kaluza-Klein approach to supergravity. Before beginning this chain of logic let us first briefly describe some of the history of the subject. Almost 30 years ago Michael Duff [1] developed a string world-sheet theory where T-duality appeared as a manifest symmetry. Subsequently Arkady Tseytlin [2, 3] described different aspects of a string in a doubled space-time with manifest Tduality before Warren Siegel [4] described a sophisticated world-sheet theory with manifest O(d, d) symmetry. After a break of some years, in 2009, Hull and Zwiebach [5, 6] and then with Hohm [7, 8] examined a truncation of closed string field theory keeping only the momentum and winding modes of the string field and produced a string background with twice the number of coordinates. This theory is known as double field theory (DFT). Somewhat in parallel, the Korean group [9, 10] developed what is now called the semi-covariant formalism.
In parallel developments, in the work of Cremmer, Julia and Scherk [11] , eleven-dimensional supergravity reduced on a d-dimensional torus was shown to exhibit an E d exceptional group of global symmetries. Later with the advent of M-theory [12, 13] this E d -symmetry was extended to a duality of string theories known as Uduality that combined T-duality with S-duality. Various works then attempted to reformulate supergravity theories such that exceptional symmetry would become a manifest symmetry of the theory, notably in the numerous works of West [14] , Nicolai [15] and others. In [16] , by extending the number of dimensions, the group E 7 was made into a manifest symmetry and in [17] the group SL(5) was similarly made manifest again by extending the number of dimensions. There have been other numerous developments, perhaps most notably the role of generalised geometry in this scheme has been developed in [18, 19] . The main thrust of this paper is to focus on the extra coordinates and so this will not be our approach.
Crucially, as we can see from the above narrative, the duality symmetries in string and M-theory were at the heart of the developments for these theories. We wish to emphasize that in the approach described here this is only a by-product of these theories and one should not see DFT or exceptional field theory (EFT) as a theory to make duality symmetries manifest. To do so would make these theories redundant for backgrounds without isometries (T-duality in its usual form requires isometries of the background) and this is not true.
Kaluza-Klein theory
Let us begin with a review of traditional Kaluza-Klein theory. This is so we can give a prescription for a series of steps that we will emulate later for all the bosonic fields in supergravity and so produce double or exceptional field theory. The starting point is Einstein-Maxwell theory in four dimensions coupled to a scalar field. The field content is thus the metric g µν , the one-form vector potential A µ and the scalar field φ. The action for these fields is given by
where F µν = ∂ µ A ν − ∂ ν A µ is the field strength for A µ . The local symmetries of the theory are given by diffeomorphisms, as described by the Lie derivative,
and the gauge transformations of A µ ,
Thus there are five parameters for the local symmetries: the four vector that generates the diffeomorphisms, V µ , and the single scalar χ that generates the gauge transformations of A µ .
The Kaluza-Klein idea may then be expressed as follows: given there are five parameters for the local symmetries, can one combine them to form a five vector Vμ such that diffeomorphisms generated by this five vector acting on some five-dimensional metric,ĝμν will reproduce the four-dimensional local transformations described above. (We take hatted objects to be fivedimensional andμ = (µ, 5) .)
The challenge then is to find the five-dimensional metric that meets this criteria, and the answer can be found to be:
For the five-dimensional theory to have five-dimensional diffeomorphism invariance implies that it should be described by the five-dimensional Einstein-Hilbert action,
Inserting the ansatz (4) into this five-dimensional action reproduces the four-dimensional action (1) provided that the fields are independent of the new fifth dimension i.e. for all fields and gauged transformations:
Another way to think of this is that the original local transformations only depended on four dimensions and so to reproduce this we need the constraint (6) to apply to the parameters generating the local transformations. Thus, the five-dimensional diffeomorphisms restricted to four dimensions by (6) are equivalent to fourdimensional diffeomorphisms and one-form gauge transformations. Strictly speaking we have only seen this infinitesimal transformations and have not examined so called 'large' transformations i.e. diffeomorphisms or gauge transformations that are finite and not connected to the identity.
In some sense we were lucky in that the combination of diffeomorphisms and one-form transformations nicely combine into five-dimensional diffeomorphisms (it is hard to imagine an a priori argument that this had to be the case without already knowing about Kaluza-Klein theory). In the sections that follow we will have to be a little more creative since to combine diffeomorphism with p-form gauge transformations will not produce usual diffeomorphisms in a higher-dimensional theory. Before doing this, let us examine the Kaluza-Klein approach some more as this will provide a guiding hand later. Now that we have the higher-dimensional theory (5), the metric ansatz (4) and the constraint for the reduction (6) the next step is to look for the origin of the electrically charged states in the theory. So far the action (1) describes Einstein-Maxwell theory with no currents. How can we add electric sources from the new higherdimensional perspective?
The answer is given quickly by calculating the geodesic equations for a probe particle in the five-dimensional theory with the ansatz (4). Doing this, one discovers that the Lorentz force law for electric charges is recovered provided one identifies the four-dimensional electric charge with the derivative in the fifth dimension. One then uses the usual relationship between the probe particle wave function and the momentum operator as a derivative to write:
Thus objects with momentum in the fifth direction will appear as electric charges from the four-dimensional perspective. A light-like object in five dimensions will obey:
Then, since the four-dimensional on-shell relation is P µ P µ = −M 2 , this implies that P 5 = M and thus the BPS condition:
At this point one may ask about electric charge quantisation. If one requires Q e to be quantised then this implies that the extra Kaluza-Klein direction is compact, typically one takes this direction to be a circle of radius R. Then the momentum operator P 5 will have a discrete spectrum with P 5 = ħ n R where n is an integer. This is the usual way Kaluza-Klein quantises electric charge, which differs slightly from the usual Dirac quantisation in that there is no mentioning of magnetic charges. The alert reader may feel slightly dissatisfied with the fact that although the electromagnetic field is geometric the charges are not. This may be remedied as follows. The clue is to take seriously the identification of momentum with charge and mass. Now to realise charge and mass using only a gravitational degrees of freedom one then seeks a gravitational solution with momentum in the Kaluza-Klein direction. Momentum is then thought of in the ADM [20] sense. To write a solution whose ADM momentum is P 5 one needs a Killing symmetry in that direction. To require the mass to be also given by P 5 then also needs a Killing direction in time and the solution be a null wave such that P 5 = P 0 . Such solutions are known and are called pp-waves. The solution is as follows:
The function H is a harmonic function of the transverse space, H(r ) = 1 + p/r , and the parameter p in the harmonic function will be the momentum. Note that since this has a Killing symmetry along x 5 , it is independent of the x 5 coordinate and obeys the Kaluza-Klein constraint on the metric (6). This is in contrast to the usual quantum mechanical intuition whereby fields in momentum eigenstates depend exponentially on the associated coordinate. At this point, without quantum mechanics charge quantisation is mysterious from the purely gravitational point of view. These null waves are solutions that construct for us electrically charged objects from pure gravity in five dimensions. [21] and Gross and Perry [22] :
The field A i which controls the twist is related to the harmonic function as follows:
From the perspective of four dimensions and the gauge field A µ , this is an object with magnetic charge g . Topologically the magnetic charge is the first Chern class of the circle fibration and is thus quantised. One can then use the relationship between radius of the Hopf circle and the electric charge to produce the Dirac quantisation condition:
The quantisation now though is topological in origin, it requires the fibre to be a circle and its twist over the base must be integer. Thus demanding a magnetic solution requires the Kaluza-Klein isometric direction to be a circle.
Remarkably even though there is no metric dependence on this direction the topology of how it is fibred gives rise to the magnetic charge.
There are then a set of obvious extensions to this idea. One can have yet more hidden dimensions, let us denote by d their number. Once one has this then there is a question about their geometry. Having the d hidden dimensions be a torus just gives d copies of U (1) gauge theories. One can do something more interesting and recover non-Abelian gauge fields and Yang-Mills theory if our d dimensional space is a group manifold. So for example take the hidden space to be S 3 which is the group manifold of SU (2) . One then carries out a so called reduction using twist matrices often called a Scherk-Schwarz reduction. These twist matrices are essentially given by the left-invariant Maurer-Cartan one-forms on SU (2).
M-theory
The type IIA string low energy effective action is IIA supergravity whose bosonic fields split into the so called NS-NS sector which is the metric, dilaton and two-form potential: g µν , φ, B µν with H = dB the field strength of B and the RR sector whose fields are one-form and threeform potentials C µ ,C µνρ with field strengths G (2) = dC (1) and
The action is given by:
The expectation value of e φ is the string coupling g s . The essence of M-theory is now to carry out the Kaluza-Klein programme and lift the metric and one-form potential C µ to an eleven-dimensional metric. This is just a traditional Kaluza-Klein lift with:
where we have identified the RR one-form C µ with the Kaluza-Klein vector field. The other fields must then be related as follows. A three-form potential of eleven dimensions, C
comes from combining the two-form, B (10) 2 (which is the NS-NS two-form of IIA) and the ten dimensional IIA RR three-form C (10) 3 . That is:
With these identifications and after a Weyl scaling of the metric then we can identify the eleven-dimensional theory as the bosonic sector of eleven-dimensional supergravity. The necessary Weyl scaling to allow this identification relates the eleven-dimensional metric in terms of the ten dimensional metric in the IIA action as follows:
µν .
When the dust settles one is left with the following elevendimensional action:
where G = dC is the field strength for the eleven-dimensional three-form C . The key aspect of the lift is that the string coupling in IIA then is given by the R 11 as follow:
Thus the strong coupling limit is the limit in which the theory recovers the full eleven-dimensional symmetry. Again following the Kaluza-Klein intuition one sees that the charged object associated to C µ which is the D0 brane is the momentum in the 11th direction. (The D0 is BPS which thus implies one should take a null wave in the eleventh direction.) Finally, if one twists the eleven-dimensional circle to make a Kaluza-Klein magnetic monopole using the eleventh direction then one obtains the D6 brane. Hence, M-theory geometrises the D0 and D6 branes to become waves and monopoles in the higher-dimensional theory. Much of the rich structure of M-theory comes from how the IIA fields are restructured by the eleven-dimensional lifting. One other thing to note is that once one has the eleven-dimensional theory one can reduce in a different way. Different reductions will give different perturbative string theories.
This eleven-dimensional lifting has obviously led to a huge number of non-trivial results but in retrospect it looks like we have only done a small fraction of the job. We have combined the metric with the one-form RR field but what about the NS two-form and the other RR fields? The approach is far from being universal. Thus in what follows we will want to combine all the p-form fields with the metric and so geometrise all the fields and make them part of a single higher-dimensional object.
Lifting NS-NS supergravity, double field theory
Now that we have seen in Kaluza-Klein theory (and Mtheory) how to combine one-form gauge fields with the metric, let us move to the next simplest case of trying to combine the NS-NS two-form gauge field, B µν , with the metric, g µν . This NS-NS sector is common to all the supergravities whereas the spectrum of the RR fields differ between IIA and IIB and does not exist in the Heterotic or type I theories. The action in d dimensions which also includes the dilaton field φ is given by:
where H = dB is the field strength of B . The local symmetries are now the d-dimensional diffeomorphisms generated by a vector field v µ through the Lie derivative as before combined with the U (1) twoform gauge transformation which is generated by a oneform gauge parameter χ µ as follows:
Now, following our intuition from the Kaluza-Klein case we want to combine the parameters of the local symmetries into a single generalised vector field
Immediately one sees that this requires the generalised vector to be 2d-dimensional, so that I = 1, . . . , 2d. Also, there is an unusual property that the first d components of the vector are contravariant with respect to ddimensional diffeomorphisms while the second d components transform covariantly. Mathematically one thinks of vector fields as sections of the tangent bundle. Now for the generalised vector field it is a section of the direct sum of the tangent bundle and cotangent bundle. This extension of the tangent bundle of M by the cotangent bundle of M is often denoted by:
and is the basis for generalised geometry developed by Hitchin and Gualtieri [23] . 
One sees it follows the Kaluza-Klein metric ansatz for d additional dimensions but with the peculiarity that the new novel dimensions have been assigned a metric g µν .
The origin of this metric and its properties will be discussed in more detail later; for now it is sufficient to see it as a natural generalisation of the Kaluza-Klein metric with d extra dimensions. The next step is to construct an action functional for the generalised metric (and dilaton) that under reduction will be equal to the supergravity action (20) . Reduction here means that we remove functional dependence on the new d coordinates. That is (for now) we will demand, that:
when acting on the fields. This is the equivalent of the Kaluza-Klein constraint (6) . An impetuous reader might be tempted to try the Einstein-Hilbert action in 2d dimensions with the generalised metric (and usual dilaton). This does not give the right answer. To see why we can use our previous Kaluza-Klein calculation to quickly do the reduction of the 2d-dimensional EinsteinHilbert action with generalised metric, B µ ν from the nor- give up now and it is perhaps this result which explains why the Kaluza-Klein lift of theories with higher form gauge fields has only recently been developed. Instead we will persevere with the knowledge that the lift will not be usual geometry but some generalisation and it will be our goal to uncover its structure. First let us find the action by brute force. We will take a completely general two derivative action of the generalised metric and dilaton with all 2d indices contracted. The coefficient for each term will then be fixed by demanding that the action reduces to the correct one after imposing (24) . Remarkably, this can be done. (Given that there are just six different terms for the alternative contractions, and thus ignoring an overall scaling of the action this means just five coefficients are fixed to give the bosonic NS-NS supergravity action. In terms of a two derivative action for the metric and B -field, the supergravity action has over 10 terms, thus it is very unclear that this a priori this is possible.) Fixing these coefficients (and allowing some integration by parts which implies some additional surface terms as given in [24] ) we find the action for the generalised metric M I J that does the job is:
where we have introduced a new rescaled dilaton field d related to the usual dilaton φ by e −2d = e −2φ g . The next step is to determine the local symmetries. The idea is that the full 2d transformations that are generated by a gener-alised vector field V I will preserve some additional structure and so the Lie derivative will be deformed. The guiding principle will be that the new generalised Lie derivative when reduced using (24) should give d diffeomorphisms and two-form transformations (21) . We write the generalised Lie derivative in terms of the usual Lie derivative and a deformation as follows:
where L V U I is the usual Lie derivative and Y I J K L is a globally defined invariant tensor that is to be determined based on the above requirements. For the case at hand the Y-tensor is determined to be:
where
A crucial property of (26) is that it leaves the η I J invariant and thus the generalised Lie derivative actually generates local continuous
) structure appears throughout the theory. The generalised metric (23) is in fact a representative of a coset:
It obeys the condition:
which means that one can raise or lower indices with either the generalised metric or η I J . Essentially this η tensor is what allows one to split the coordinates on the space into x µ ,x ν . That is it allows us to have a polarisation on the space. The next step is to examine the consistency of all of the above. First, we must check whether the action for the generalised metric is invariant under the generalised Lie derivative. This is a non-trivial check since the action has not been constructed using covariant objects as we would in Riemannian geometry. Basically, we have the equivalent of the Ricci scalar written in terms of partial derivatives, the metric and its inverse and so the symmetry under local transformations is far from obvious. Fortunately, the action is indeed invariant under transformations (26) . Then we must examine the consistency of the local symmetry itself and study the algebra of the transformations generated by the generalised Lie derivative. First, let us recall that for the usual Lie derivative:
Now we discover that:
where the hatted terms are the generalised Lie derivates given by (26) and the [., .] C is the so called 'C-bracket which is defined as:
The second term in the algebra (31) prevents it from closing. At this point one should worry. In addition to this the above 'algebra' of generalised Lie derivatives (31) does not obey the Jacobi identity. The resolution to these issues is that one must impose a covariant constraint on all fields given by
with φ any field in the theory. When this constraint is applied then the algebra closes. As we will see later many other issues will also disappear with this constraint applied. Writing out the constraint in terms of the coordinates
This is obviously solved by the Kaluza-Klein like constraint that we have been using to construct the theory:
Here though we see the first clear departure from the Kaluza-Klein paradigm, the reduction of the theory by definition obeys (35) but for Kaluza-Klein theory the unreduced theory has no constraints. Here the 'unreduced theory' still obeys a (quite stringent) constraint, (33). Note that the constraint (33) is weaker than the constraint (35) and so it is certainly still a reduction of the theory. Working with the full theory that only obeys the weaker constraint is still a key challenge for Double Field theorists. There is much more to be said here about how if one expects to implement the constraint on products of fields then the so called weak constraint (33) becomes the following 'strong constraint':
Straight away however one see that the above constraint can be solved in the larger theory with the alternative choice:
so that now the fields will depend onx ν only. There is no Kaluza-Klein equivalent statement. How can we interpret this choice of solution of the strong constraint? First let us discuss how we identify our physical spacetime within the doubled space. We solve the strong constraint to discover that our generalised metric and dilaton depend on a set of coordinates. We then identify those coordinates as corresponding to those of our spacetime.
We then make what is known as a 'choice of section' (the strong constraint is also called the section condition by some). The choice of section is the identification of a d-dimensional subspace within the doubled 2d-dimensional space in which the double field theory is constructed. When we solve the strong constraint and determine which coordinates the fields depend on then this gives us a canonical choice for the choice of section, that is subspace, for which those are the coordinates. Now, if one uses (37) as a choice for solving the strong constraint then the canonical choice of section is the space spanned by thex ν coordinates. Reducing the theory to these choice of section then reproduces something unexpected. One again reduces to d-dimensional NS-NS supergravity.
T-duality in double field theory
We see in the above that there are thus a variety of reductions of the double field theory (DFT) that give supergravity. Above we chose all x coordinates or allx coordinates but obviously one can make a mixed set provided the strong constraint is obeyed. In each case one lands on d-dimensional supergravity. The independence of the generalised metric on d coordinates is like having d isometries (although written in non-covariant language). Now let us consider the case where we have additional isometries and the generalised metric depends on less than d coordinates. To be concrete let us consider a particular background given by a metric and B -field in which there was no dependence on some particular coordinate which we will label z nor on its canonical pairz (the η tensor gives a pairing between every coordinate x and everyx. This background obviously solves the strong constraint and even does so degenerately for z andz in that the fields do not depend on either of them. Now the section condition prescription to determine the ddimensional subspace of the 2d space is ambiguous. One could take the choice of section to be the space equipped with coordinates x, z or the space with coordinates x,z.
Since The shift in the dilaton under T-duality is captured by relating the DFT dilaton to the usual dilaton and requiring the usual measure for the d-dimensional section being g . Relating the two dual theories then produces the usual dilaton shift. Note that the generalised metric has unit determinant and so does not contribute to the measure; in DFT the measure is the DFT dilaton. Once we pick a section and choose our d-dimensional space-time then we need a measure on this space which we do with a field redefinition of the DFT dilaton as follows,
For different choice of section this will be different giving rise to the induced dilation transformation between the dilaton φ and its dualφ,
Charged states
Again we follow the Kaluza-Klein intuition and look at the charged states of the theory. Rather than examine probes of the background and their geodesic equation the approach we will take will be to look for solutions that have ADM type of charges. First, we should develop an ADM formalism for DFT (this has been done by a set of people [25] [26] [27] ). Then as expected the ADM momentum in px ν will be associated with the electric charge of the three-form field strength:
The object that carries such an electric charge is the string. (The direction of the momentum in thex space corresponds to the orientation of the string in usual space-time.) We now seek a solution to the DFT equations of motion that has px ν momentum and following the KaluzaKlein approach it will have the structure of a null plane fronted wave. We first introduce the coordinates: X M = (t , z, y m ,t ,z,ỹ m ) so the wave will be oriented in the t , z,t,z directions with the y andỹ directions transverse. Then the solution 2 maybe written as follows [28] :
with
This DFT wave solution may now be examined with an alternative choice of section or equivalently just rotate the direction of propagation to x space. When one does so one recovers the usual wave solution of supergravity. And thus the T-dual objects of wave and string are a single wave solution in DFT with a single charge the DFT momentum. The orientation of the momentum is what determines the interpretation in space-time as a string or wave. The well versed reader will be aware that in general relativity the notion of conserved currents such as energy and momentum require some care to construct and in fact for a generic solution they do not exist. As fitting with Noether's intuition there needs to be a global symmetry for a conserved charge which in turn means a Killing symmetry (at least asymptotically). This allows the definition of the ADM mass and the Komar like integrals. The equivalent to these have been constructed in DFT in [25] [26] [27] so that when we refer to the momentum of the solution in DFT we are using the prescription given in these papers. Note, the wave solution is actually not singular even though the string solution is. We thus have a realisation of one of the goals of string theory, to remove singularities from supergravity solutions. Now that we have done the electric charges, the next step is to find the magnetic charges. We will follow the Gross-Perry-Sorokin ansatz and fibre a circle around a transverse S 2 as before to form the Hopf fibration of S 3 .
We will now take the fibre to be in thex space and use the same coordinate system as before:
The DFT dilaton is now:
and A i and H are related as with the Gross-Perry-Sorokin monopole. For more details see the paper [29] . When we examine this solution with the usual choice of section i.e. x space then it is the NS five-brane solution with magnetic charge:
which is the integral of the H-flux over a transverse three cycle (H should not be confused with the harmonic function appearing in the metric). This is no surprise as the five-brane is the magnetic dual of the string. The solution with the alternative choice of section produces the Kaluza-Klein-monopole. The monopole and five-brane are T-dual so again we are producing a single solution where different choices of section give T-duals. Now the attentive reader may worry we have come perilously close to geometrising the gerbe. In the sense of producing a total geometric space for non-trivial gerbe. This is in general not possible. This construction does produce a three-form flux in cohomology but does so by also requiring an additional circle so that one can use:
and the usual monopole construction to form H 2 (S 2 )
through a Hopf fibration. Thus in fact one is not producing the general NS five-brane but a smeared NS fivebrane on a circle. Making more general fluxes and also 'localising' the brane on the circle is something that leads to so called 'winding mode corrections' of the solution. Such corrections were first predicted back in 1998 by Gregory, Harvey and Moore [30] and then realised in DFT in a series of works [31, 32, 29, 33, 34] . This is one of the applications of DFT, one simply allows the delta function source of the harmonic function to be localised in winding space and one recovers a harmonic function that was winding mode dependencies. Those are the string theory world-sheet instanton corrections. This works because windings of string are dual to momentum modes and so in the right variables (those of DFT) they may be modeled with a Poisson equation. Finally, in order for this to work we require thex direction to be a circle and then the momentum in this direction must be quantised and so we then get the usual Dirac quantisation for p-branes. With thex direction with radiusR and the momentum quantised in units of 1 R this then gives the string tension as
Remarkably then the string tension is spontaneously generated from compactification i.e. havingx with a scale. One might ask what happens in the decompactification limit wherẽ R → 0. In this case the string tension would go to zero and one is tempted to think we are describing string theory in a tensionless phase. Equally ifR → ∞ then the string tension goes to infinity and we only have supergravity.
But what more? Now we have an extended theory all be it with a constraint. We can non-trivially fibre the new novel directions while still obeying the constraint to make non-trivial fluxes. Sometime ago people [35] looked at what happens when one T-dualises H-flux and so called geometric flux (the measure of the geometrical twist). This was done with a toy model of the three-torus with H-flux and the so called twisted torus. They are toy models because they are not solutions of supergravity (or string theory low energy effective) equations of motion. This gave rise to the following sequence of fluxes:
where H and f are the usual three-form and geometric fluxes in supergravity. Q flux seemed something new and R flux even more exotic and contentious since it seemed to require a T-dualisation in a non-isometric direction. Looking at actual solutions in supergravity, the H flux was sourced by an NS5-brane and the f -flux by the Kaluza-Klein monopole. The Q-flux was shown to be sourced by an exotic brane [36] known as the 5 2 2 brane which although it locally solves supergravity equations of motion it requires a patching with an O(d, d)-transformation [37] . As such, exotic branes although solutions of string theory are not globally defined solutions of supergravity. They are of course bona-fide solutions of DFT. Branes source R-flux can also be found but they are even more exotic as they require a non-canonical choice of section condition so that there isx dependence in the solution. See [38] for an excellent review of nongeometric fluxes.
In the case of usual Kaluza-Klein theory, one could consider more sophisticated reductions such as the Scherk-Schwarz-type where one introduces twist matrices to allow non-Abelian gauge fields in the reduced theory. One can do this also with DFT and have generalised Scherk-Schwarz reductions. This leads to gauged supergravity where the gauging is related to the twist field. This is described in a series of works [39] [40] [41] [42] . These generalised Scherk-Schwarz reductions are one of the key applications of double field theory. They allow gauged supergravities that otherwise would have no lift or origin from a higher-dimensional theory.
Lifting 11d supergravity, exceptional field theory
Kaluza-Klein theory incorporates vector fields into the metric in one dimension higher. Double field theory incorporates the two-form B -field into a generalised metric of a space with twice the dimension. What about other p-form potentials such as the RR forms of type theories or the three-form and six form of eleven-dimensional supergravity? The RR sector of string theory lifts to elevendimensional supergravity as described in our description of M-theory above so if we can lift the p-form potentials of eleven-dimensional supergravity then we can do all of string theory. We can also come at this question from an even more formal direction. Usual gravity can be though of as the description of the GL(d)/SO(d) coset. This is most conveniently seen in the vierbein formalism where the vierbein has one GL(d) curved space index and one SO(d) tangent space index. Generalised geometry is concerned with the
The generalised metric of the previous section parameterises this coset. What then for other cosets? Recently [43] has explored having O(d, d) cosets but with different possibly asymmetric tangent space groups. This leads to Double field theory describing a non-Riemannian space. Now, can we ask about cosets of the exceptional groups? Remarkably, exceptional cosets will provide us with the right geometry for eleven-dimensional supergravity. In fact one can then follow [43] and investigate different exceptional cosets leading to a host of non-Riemannian geometries in M-theory [44] . One unfortunate property of the exceptional groups is that typically one has to deal with them on a case by case basis rather than being able to make a general statement for E d .
To make progress, we will now consider a simple example that will illustrate most of the issues involved and study the lifting of a three-form potential in four dimensions to a higher-dimensional space. (Given that we started with a one-form of Kaluza-Klein and then the two-form of NS-NS supergravity, the three-form theory is the obvious next step, the restriction to 4d makes the embedding in M-theory natural as will be discussed later).
Lets follow the same process as before. The field content is the metric g µν and the three-form which we denote by C µνρ and since we are in four dimensions µ, ν = 1, . . . , 4. The gauge transformation of C is the usual one for an Abelian p-form, δC (3) = dχ (2) , and its field strength given by the exterior derivative of C is called H = dC . So as before we want to combine this local symmetry with diffeomorphism onto one 'generalised diffeomorphism'. The generalised diffeomorphism will be generated by a generalised vector V I = (v µ , χ [µν] ). Where I = 1, . . . , 10, since there are four component of v µ but six components of χ [µν] . One now makes the move following what we did in double field theory and introduce coordinates {x µ , y [µν] } that follows the same structure.
We combine these coordinates to produce an SL(5) representation. The usual coordinates x µ and new novel y [αβ] coordinates become the 10 of SL(5) which we denote with the indices I , J = 1, . . . , 10. Associated to these coordinates will be a set of translation generators or generalised momenta: P I . One then writes down a metric on this ten dimensional space in terms of the usual metric g µν and threeform C µνρ as follows:
is the induced metric on two-forms. In fact this generalised metric is a representation of the coset:
The reader worried about the overall factor of det(g ) in the generalised metric is encouraged to read [45] and [46] where the important role of this factor in U-duality is discussed.
Note, that as with DFT this is now a metric not on the usual tangent bundle as with Riemannian geometry but on:
Again one can see a Kaluza-Klein style of structure with the C -field being the off diagonal components mixing the usual space with the new novel space. The next step is to find an action that reduces to the one for gravity and a three-form once one removes the dependence of the novel coordinates y [µν] from the fields. That is when ∂
[µν] · = 0 the action will becomes EinsteinHilbert with an appropriate H 2 term. The action that does this is [17] :
So having constructed the coordinates, the generalised metric on the space and the action, the next step is to look at the local symmetries. The local symmetries are given by the generalised Lie derivative as in equation (26). Now the Y-tensor must be constructed from SL (5) (5) and i being a 5 of SL (5) . Given the generalised Lie derivative one can now seek closure of the algebra. Just as in the DFT case, the algebra will not close unless:
A full discussion of the Exceptional Field Theory (EFT) local algebra is given in [47] . One can then show with some work that there are two independent solutions to this condition [48] up to trivial transformations. One is where we remove the dependence on the novel coordinates leaving us with the original x µ . The other is where we keep dependence on y 14 , y 24 , y 34 . These choices are related to eleven-dimensional supergravity and IIB supergravity respectively. This says that now when we make different choices of section (by this we mean choosing the coordinates that we identify as being space-time) we can obtain either 11d or IIB in 10d. This is not a surprise since exchanging winding and moment in M-theory does not preserve dimension (essentially because the membrane has two spatial dimensions). Different choices of section in DFT in the presence of isometries led to Tduality. Now different choices of section lead to the Uduality transformations; again one must have sufficient number of isometries to realise the U-duality group. The astute reader will be at this point trying to work out where the eleven (or indeed ten dimensions) are since we have only managed to get a theory in four (or three) dimensions. The way one thinks about this is as follows. Take which is a one-form in the 'external space' and a vector in the 'internal space' and describes how one is fibred over the other. The local symmetries need to be made to be consistent between both spaces. All these considerations lead to a highly complex theory that is described in a series of works initially by Hohm and Samtleben [49] [50] [51] [52] and then by others [53] [54] [55] [56] .
The relevant coset, G/H for a given dimension d of the internal space are listed in the table 1 along with R 1 which is the coordinate representation of G. We have also listed H * for when the internal space is Lorentzian. Before moving on lets consider some of the cases in other dimensions and gain some intuition for the table of cosets. Let us see what happens in the next instance of d = 5. We will now reverse the logic from the above. In the previous instances we looked at how to lift the local symmetries, form an action and then find solutions that correspond to strings and branes in the space. The novel coordinates were then related to winding modes of these branes. Now we will use our knowledge of branes in M-theory to establish what to expect and then one can follow the same procedure as before. M-theory has membranes and five-branes. When we consider the d dimensional internal space we must ask what branes can winding in this space. Up to 5 dimensions it is only the membrane and so the coordinates x µ , y [µν] describe this. But when we have 5 dimensions or more then we must include coordinates for wound five-branes thus augmenting the previous set with y [µνρστ] . There is then one more subtlety, which is that we can have wound D6-branes which from the eleven-dimensional perspective is a Kaluza-Klein monopole with 6 world-volume directions and one Hopf fibre direction and thus it would have 6 antisymmetrised coordinates and a Hopf coordinate. When one takes this into account then one gets the dimension of the coordinate representations in the table.
Once we have sufficient number of dimensions to include the five-brane winding coordinates something new happens when we consider solutions. We have coordinates for both the wrapped membrane and the wrapped five-brane but these are electromagnetic duals of each other. Thus following the previous logic there would be two ways to get the same solution. One could describe the five-brane as a null wave in the y [µνρστ] direction or as a monopole with Hopf fibre given by y [µν] . In fact since electromagnetic duality is contained in the U-duality group these must be the same solution in the exceptional field theory. In fact one would then make the same argument for the membrane and describe it as either a null wave in the y [µν] direction or as a monopole with Hopf fibre given by y [µνρστ] . The answer is that the solution must be 'self-dual' meaning that it will be a wave in one direction and a monopole in the electromagnetic dual direction. This is reported in detail in [57] where these self-dual solutions to EFT were constructed and shown to describe the branes in M-theory and their bound states. For those familiar with the (2,0) theory in 6 dimensions where a self-dual string solution gives rise to the states in 4 dimensions that transform under the 4d SL(2) after dimensional reduction on a torus, this is analogous. The solution described in [57] is a sort of gravitational version of the self-dual string. Its reduction in different ways gives rise to the brane states that transform under the Uduality group. One might suspect that this is always true. If we have a theory with states transforming under some duality group it suggests that the theory can be lifted to higher dimensions and that these states come from a single solution in the higher-dimensional theory.
Following the Kaluza-Klein intuition leads to the idea of a Scherk-Schwarz-type ansatz for reducing EFT [58] [59] [60] . This breaks the usual section condition and yet one can show it is consistent. The result is produces gauged supergravities where the gauging is determined by the so called embedding tensor which in turn is given by the twist matrix of the Scherk-Schwarz ansatz.
Finally, we can consider more complicated fibrations and use the full E d -symmetry to patch solutions. This leads to M-theory generalisations of the exotic fluxes described for DFT and the appropriate exotic brane solutions that act as their source. This is reported in depth in [61] [62] [63] where a huge spectrum of solutions have been constructed using EFT.
Superalgebras
(The work in this section is based on a collaboration with Malcolm Perry [64] ). Perhaps the starting point for Mtheory is the fact that the type II superalgebras in ten dimensions can be lifted to the unique eleven-dimensional superalgebra.
In lifting the type IIA algebra we must identify the ten dimensional central charge associated to the D0-brane with the momentum in the eleventh dimension. This identification can be seen directly by comparing the BPS state equation:
to the equation for a null wave:
The D0 brane identification with the null wave in Mtheory exactly realises this formal similarity with the central charge, Z being identified with P 11 . Thus the D0-brane is actually massless. Its effective mass in ten dimensions is just a result of its momentum in the eleventh dimension. Looking at the eleven-dimensional superalgebra (51) it is tempting to see if one could try the same trick again. Can one could reinterpret all the central charges as arising from momenta in extra dimensions? If so then all the branes would result from null-waves in extra dimensions i.e. all the branes would be tensionless and their effective tensions in eleven dimensions would only arise from their momenta in the extra dimensions. This is not a new idea. A number of authors have pursued this idea in various forms. In fact the seed of this idea was noticed at the very naissance of extended supersymmetry in where the central charges of the N = 2, 4d theory were described as coming from some higherdimensional theory. The reader tempted by this idea will immediately be put off by the fact that the central charges (51) transform as a Lorentz two-form and five form. Also the objects contracted with the central charges i.e. C Γ µν ,C Γ µ 1 ···µ 5 do not appear to obey a Clifford algebra! This immediately seems to end the idea of interpreting the central charges as momenta and alternative interpretations were explored for the so called M-theory algebra [12, 65] .
However, this is exactly what the sort of extended generalised geometry described above is set up to do where the generalised coordinates in the extended geometry are (we will only consider d < 6):
Given the discussion above it seems natural to revisit the idea of lifting the eleven-dimensional superalgebra and interpreting the central charges as momenta in these new dimensions. We will thus examine some specific examples with dimension, d = 10, 16 with a simple superalgebra without central charges, that is schematically:
We will then examine the representation theory for this superalgebra. The massless (in the generalised sense) representations will then be shown to obey quadratic constraints on the momenta in the theory,
The first quadratic constraint is exactly the physical section condition that was discovered previously from demanding closure of the algebra a local symmetries [66, 18, 47] and the second condition is just the statement of being massless (in the generalised theory). Other representations will not obey this constraint and so will not be contained in the usual formulation of generalised or extended geometry where the section condition must be imposed. In terms of the usual theory these generalised massless states will be the 1/2 BPS states. The section condition determines a generalised light cone where the 1/2 BPS lie, the other states with less supersymmetry then lie in the interior of the cone. This shows the remarkable interplay between the global duality symmetry, the local symmetries and the supersymmetry in the extended space. This quadratic constraint on momenta restricts the effective degrees of freedom and avoids the various no-go theorem for constructing supersymmetric theories in dimensions higher than eleven.
U-duality and its realisation in an extended
geometry, the simple example of SL (5) Along side the usual four coordinates, x a , (a = 1, . . . , 4), six new coordinates y [ab] are introduced to make up a ten dimensional space. (We move here to Latin indices to indicate we must consider different possible signatures). The key to making supersymmetry work is that the spinors live in the local group H. Thus for the SL(5) U-duality invariant action the bosonic sector is given by a nonlinear realisation of SL(5)/SO(5) but the spinors of the theory will be a representation of Spin (5). We now recombine the coordinates to produce an SL(5) representation. The usual coordinates x a and the membranes windings y ab become the 10 of SL (5) as follows:
Where η abcd is the alternating symbol, i.e. (5) which we denote with the index I , J = 1, . . . , 10. Associated with these coordinates will be a set of translation generators or generalised momenta:
One then writes down a generalised metric on this ten dimensional space in terms of the usual metric g ab and three-form C abc as follows:
is the induced metric on antisymmetric bi-vectors and we have defined V a kl to be given by
The metric G I J is a metric on the coset of SL (5)/SO (5) . This is just a more convenient rewriting from the previous description of the SL(5) theory that is suited to what follows. In order to make the theory supersymmetric we will require that the space have a Lorentzian signature and thus g ab is Lorentzian. The reason for this, aside from any desire to construct a theory with a temporal direction, simply comes from the usual restriction of spinors in various dimensions and signatures [67] . Thus instead of the usual Euclidean 14-dimensional coset with (0,14) signature we will need to work with the coset:
This coset's dimension 3 is 14 with signature given by (10, 14) -(4,6)= (6, 8) . The various choices of Lorentzian coset structures are discussed in [68] . To see why this is the appropriate choice of coset we simply examine the fields in the coset and count the number with negative directions. These negative directions are given by: g 0a and C 0ab (with a = 1, . . . , 3) which gives a total of six negative directions leaving 8 positive directions which indeed matches the counting of the coset given in (60).
We will now introduce spinors of the local group H, SO (2, 3) , with spinor index α = 1, . . . , 4. Consequently we then have the associated gamma matrices:
which form the Clifford algebra for SO (2, 3) . Along with this we have the charge conjugation matrix (C ) αβ and its inverse (C −1 ) αβ with which we can lower and raise spinor indices respectively through left multiplication.
3 Not to be confused with the dimension of the space itself on which this metric acts which is of course 10.
From these SO(2, 3) Γ matrices we can form the appropriate representation of the global group G, SL (5) . The set of antisymmetrised products of the Γ i matrices:
are in the 10 of SL (5) . To compare with the usual supersymmetry algebra, they can be decomposed into SO (1, 3) Γ matrices just as we did with the coordinates described by (57) :
Similarly, the generalised momentum decomposes as:
with the obvious identification of P a5 = P a with momenta in the usual four-dimensional space-time and the set {Z cd } labels momenta in the novel extended directions. Now we wish to be able to form a supersymmetry algebra using this set of generalised gamma matrices, {Γ I }, the set of generalised momenta P I and the supercharges, Q α . No central charges are required; the bosonic sector has only the generators of the generalised Poincare group. Thus the complete superalgebra is given by:
where C is charge conjugation matrix for SO (2, 3) spinors. The is supplemented by the Lorentz algebra for SO(2, 3) which will act not on the vector representation but on the 10 of SO (2, 3) so that when combined with the momenta P I we have the generalised Poincare group i.e. the motion group for the generalised space-time. Just as in any quantum field theory we will use the algebra of space-time to classify states. Following Wigner, elementary states are irreducible representations of the Poincare algebra and we may use the Casimirs of the algebra to label the representation. In this case it is the generalised Poincare algebra that will be relevant to classify the states of the theory through its Casimirs. We will proceed exactly as in the usual superalgebra case when one wishes to examine the massless representations i.e. where the quadratic Casimir of momentum vanishes, and show that they form'short multiplets'.
We calculate the square of (55) which is positive definite:
Then by demanding that this bound is saturated, we have a quadratic constraint on the generalised momenta, P I .
We will now determine this constraint on the generalised momenta by substituting the decomposition (63) into (66) and demanding the bound is saturated.
This produces (suppressing spinor indices):
Demanding that this is zero, we need each line to vanish separately. This means the constraints in terms of the four-dimensional momenta and central charges are:
The first term is the standard BPS condition (52) requiring the mass be equal to the central charge and the second two equations are the quadratic constraints required for the state to be 1/2 BPS as calculated in [69] by essentially the same calculation. In terms of the SL(5) generalised momenta, P [i j ] these equations become:
The first equation (69b) implies that the state is massless in from the point of view of the extended space Poincare algebra. Thus in extended geometry the usual BPS states are massless. Supersymmetry works because the massless multiplet of SO (2, 3) has the same number of degrees of freedom as the massive multiplet in SO (1, 4) .
The second equation (69b) is precisely the physical section condition that we need to impose so that the local symmetry algebra of the extended geometry i.e. the algebra of generalised Lie derivatives, closes.
Thus we see that from demanding the representation of the supersymmetry algebra saturates the bound (66) we reproduce the quadratic constraints on the generalised momenta. The foundation of this calculation has essentially already appeared in the literature in the con-text of U-duality multiplets for 1/2 BPS states [69] 4 and more recently the condition has been rewritten in terms of the E 11 algebra in [70] . What this calculation shows is the connection between: 1/2 BPS states in 4 dimensions, these states in the 10-dimensional extended space, the spinors of SO (2, 3) , the local Lorentz group of the extended space and their Clifford algebra, and representations of SL(5) the global symmetry of the extended space.
Finally, we now rewrite the supersymmetry algebra of the generalised space with no central charges (55) in terms of four-dimensional quantities i.e. 4d momenta and central charges as follows:
Now we wish to think of this in SO (1, 3) language so that we can reinterpret the spinors as being Dirac spinors of SO (1, 3) . Obviously, the Spin(2, 3) spinors also can be thought of as Spin(1, 3) Dirac. Crucially, the charge conjugation matrix will be different because of the presence of two time like directions in SO (2, 3) . Thus the four dimension SO(1, 3) charge conjugation matrix which we denote by C (4) will be related to the SO(2, 3) charge conjugation matrix by:
with (Γ 5 ) 2 = −1. We can then insert this into (70) to give:
where we have used the elementary properties of fourdimensional Γ matrices:
Thus, we have seen how the usual 4d supersymmetry algebra with central charges may be lifted to an algebra with global SL(5)-symmetry with no central charges. All the central charges come from momenta in the novel extended directions. The section condition of the extended geometry is then just from considering the massless representations of this algebra -the massless representation being 1/2 BPS as usual.
This is the structure that we will replicate for the different cosets. In summary, for dimension d there is a coset G/H; one then does the following: i) Construct spinors of H and write down the associated Clifford algebra, Γ i .
ii) Form a representation of G using a sum of antisymmetrised products of Γ i to give Γ I .
iii) Combine the momenta and central charges to form a representation of G which we think of as the generalised momenta P I . iv) Rewrite the superalgebra in terms of only the generalised momenta P I and the set of generalised gamma matrices Γ I .
v) Demand (66) is saturated for the massless representation to give constraints on P I . vi) This constraint should be the same as that required by the closure of the algebra of generalised Lie derivatives, also known as the section condition.
In case the reader is worried that the SL(5)/SO(2, 3) case was somehow degenerate and we got lucky we will now carry out this procedure explicitly for the case of d = 5, G = SO (5, 5) and H = SO(5, ) and again reproduce the physical section condition for the theory. We will now follow the above instruction set for the case in d = 5 of SO(5, 5)/SO(5, ). The algebra H is now SO(5, ) rather than the more customary SO(5) × SO(5) because again we will choose a metric with Lorentzian signature and so the local group, H is different from the Euclidean case. One discovers that the coset has dimension 25 with signature (15,10) as it should. The extended space itself on which the SO(5, 5) acts is 16-dimensional with coordinates that we will denoted by z I . In terms of five-dimensional representations:
that is, usual coordinates augmented with two-form coordinates and five-form coordinates. The metric on this space and the SO(5, 5) invariant action are described in [71] .
Step 1, we construct spinor of H. Thus we have complex spinors of SO (5) and the corresponding complex Clifford algebra:
Step 2, we must now form a representation of G from this set of gamma matrices:
Step 3, we write the generalised momenta in terms of a 5d momentum P µ and central charges as follows:
Step 4, we demand (66) to determine constraints on P I , and now we must do some work with the 5d Clifford algebra (we have found GAMMA [72] , very useful for this):
The constraints are thus:
In terms of representations of G, this is equivalent to the pure spinor condition on the generalised momenta, P I and matches precisely the physical section condition [56] .
Double field theory and the analogy with geometric quantisation
We have seen that in DFT we double the coordinates but then later restrict the coordinate dependence on fields in order to solve the strong constraint. Crucially, we do allow alternative solutions of the strong constraint or 'section condition' so that the formalism allows us to have fields to be functions of x orx just not both simultaneously. This is highly analogous to geometric quantisation [73] , where one has in the pre-quantum bundle a complex line bundle over phase space with 2d dimensions. The phase space has canonical coordinates {x, p} and is equipped with a symplectic form ω. Sections of the pre-quantum bundle are wave functions on phase space φ(x, p).
We must then impose a so called 'polarisation' on phase space to take the pre-quantum bundle to the physical quantum bundle which means one determines a Lagrangian submanifold, Σ of phase space (that is a d-dimensional isotropic and coisotropic submanifold). The symplectic form is used to determine the polarisation through demanding that the pull back of ω to Σ vanishes. Then one demands that the base of the line bundle is the Lagrangian submanifold. (In more mundane language, that the wave function only depends on the coordinates of the Lagrangian submanifold).
To make all this concrete, let us adopt Darboux coordinates on phase space such that the symplectic form is given by ω = dp ∧ dq. Wave functions φ(x, p) then can be restricted natural to the Lagrangian submanifold described with coordinates q such that the wave function is independent of p and φ(q). Note, however, one could make an alternative choice and have the momentum representation such that the Lagrangian submanifold is described by p and φ(p). These different choices reflect the hidden symplectic symmetry of the system. Physics is invariant under canonical transformations, which are the coordinate transformations of phase space that preserve the symplectic structure. Note, that in the usual description of the system using a Lagrangian, this symmetry is not manifest. The Lagrangian has the advantage of being naturally relativistic (in treating time and space coordinates on the same footing) but it hides the canonical symmetry that the Hamiltonian exposes. Now in fact life is not quite as simple as described above. When one makes different choices of polarisation one must (in what is known as 'half form' quantisation) pick a volume form on the Lagrangian submanifold (this is so one can define the norm of the wave function on the space). As one moves between different choices of polarisation then the volume form needs to transform. Further than this, in fact one can allow the wave function to pick up a phase. These changes of phases in the wave function under different choices of polarisation mean in fact that the wave function is not a representation of the symplectic group but its double cover which is known as the metaplectic group [73] .
Note, there is an entirely alternative quantisation scheme, where one keeps the pre-quantum bundle and thus have φ(x, p) but now deform the product of fields, often called the star product. This is known as Moyal quantisation and has the advantage of maintaining manifest symplectic symmetry under quantisation. There are other quantisation schemes also possible and their equivalence is much discussed.
All of this is highly analogous to DFT and string theory. The phase space of the string contains the coordinates {x,x}. The strong constraint implies that one must construct a polarisation using η, i.e. a d-dimensional sub-space which we call space-time 5 Alternative choices are possible and the shift between different choices is as we have seen related to T-duality. In fact one can push this analogy further. The shift in the dilaton under T-duality is precisely the sort of shift one sees in half form quantisation of the volume form on the Lagrangian submanifold. Perhaps the most persuasive detail is that the string partition function under T-duality, i.e. changing section choice, transforms as a representation of the metaplectic group. This is easily seen as theta functions transform metaplectically under Poisson resummation. (A fact that was used by Weil to give a representation-theoretic interpretation of theta functions). Essentially from the string world-sheet perspective T-duality is a canonical transformation, the partition function is then like the wave function and DFT is a geometry that reflects all this.
This observation begs the question whether alternative schemes like Moyal quantisation are possible for DFT, where one drops the strong constraint but instead deforms the product of fields to produce string corrections. In all of this it is implicitly appearant that the string itself is sort of a quantisation, a dimensional deformation of the classical theory equipped with a polarisation on phase space and the structure of DFT reflects this.
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